Abstract The transient/steady natural convection flow of an exothermic fluid in a vertical channel considering the wall Navier slip condition and Newtonian heating is studied. Numerical solutions of the problem are obtained by using unconditionally stable and convergent implicit finite difference scheme. Due to nonlinearity of the governing equations, approximated solutions for steady state version of the problem have been derived for momentum, energy, skin friction and the rate of heat transfer by using perturbation series method. During the course of numerical computation, it is observed that flow formation is strongly dependent on the Newtonian heating, Navier slip and Frank-Kamenetskii parameter. 
Introduction
Analysis of free convection flow of viscous reactive fluid in a vertical channel is important in many chemical engineering and petroleum chemical industries. The interaction between chemical reaction and natural convection occurs widely in chemical engineering applications, for instance, tubular laboratory reactors, chemical vapor deposition systems, the oxidation of solid materials in large containers, the synthesis of ceramic materials by a self-propagating reaction, combustion in underground reservoirs for enhanced oil recovery and reduction in hazardous combustion product by using catalytic porous beds and many others [1] . According to Makinde [2] , most lubricants used in both engineering and industrial processes are reactive e.g. hydrocarbons oils, polyglycols, synthetic esters, polyphony lathers. Sheikholeslami et al. [3] investigated natural convection heat transfer flow in a nanofluid filled with elliptic inner cylinder. Recently several authors modeled natural convection, nanofluid flow and heat transfer characteristics [4] [5] [6] [7] [8] [9] .
In a bid to analyze the effect of chemical reaction on natural convection flows in a vertical channel several investigations have been conducted. For example, Minto et al. [10] reported natural convection flow driven by an exothermic reaction on a vertical surface embedded in porous media. Campbell et al. [11] studied numerically and analytically flow of an exothermic fluid inside a spherical batch reactor with natural convection. The transient natural convection flow of an exothermic fluid in a vertical parallel channel, tube and annulus was analyzed by Jha et al. [12] [13] [14] [15] . All the above researchers considered no-slip condition at the boundary. Aziz [16] mentioned that, the concept of no-slip condition at the boundary layer is no longer valid for fluid flows in microelectronic devices. On the flip side, the slip flow phenomenon has received considerable attention due to its possible applications in micro channels, Nano channels and modern science and technology [17] . Marek [18] mentioned that simulations that involve low-viscosity fluids and large length scales are the applications of slip boundary condition at the entire wetted surface. Most of the experimental results provided evidence to support the slip condition [19] . Navier [20] reported the relationship between the slip velocity and wall shear for liquids. A similar problem was derived by Maxwell [21] in the case of gases with a slip length of the order of the mean free path of the gas molecules. Several researchers have conducted studies on free convection slip flow in a vertical channel with different thermal conditions and geometries. In this direction, the effect of slip boundary condition on momentum boundary layer thickness on a flat plate was examined by Matthews and Hill [22] . Pal and Talukdar [23] investigated analytically the combined effect of heat and mass transfer in a boundary layer slip flow past a vertical permeable plate with thermal radiation and chemical reaction. The combined effects of Navier slip and Newtonian heating on MHD unsteady flow and heat transfer toward a flat plate were presented by Makinde [19] . The influences of buoyancy force and Navier slip on hydromagnetic flow of a Nano fluid over a convectively heated vertical porous plate have been investigated by Mutuku-Njane and Makinde [24] . They found that, the thermal boundary layer is enhanced by increasing the intensity of Newtonian heating while the cooling effect on the convectively heated plate surface is enhanced by increasing the velocity slip and suction parameter. Recently, Adesanya [25] analyzed analytically the effect of velocity slip and temperature jump on free convective flow of heat generating/absorbing fluid through a porous vertical channel. The possibility of the exothermic fluid to exhibit apparent slip phenomenon in a convectively heated vertical channel has received little attention.
The main objective of the present paper was to investigate both analytically and numerically, the combined influence of Navier slip and Newtonian heating on transient/steady flow of an exothermic fluid in a vertical channel.
Mathematical analysis
Consider a time dependent natural convection flow of an exothermic fluid of Arrhenius kinetic with heat transfer and Navier slip condition in a channel formed by two infinite vertical parallel plates separated by a distance H as shown in Fig. 1 . The flow is induced by the convective heating introduced on the lower surface of the channel wall as well as the reactive property of the fluid. Following Jha et al. [12] , the non-dimensional governing equations under the Boussinesq's approximation can be written as
The initial and boundary conditions for the present problem are
where b is the coefficient of thermal expansion, Q is the heat of reaction, A is the rate constant, E is the activation energy, R is the universal gas constant, m is the kinematic viscosity, C Ã 0 is the initial concentration of the reactant species, g is the gravitational force, C p is the specific heat at constant pressure, and k is the thermal conductivity of the fluid, while q is the density of the fluid.
To solve equations (1) and (2), we employ the following dimensionless variables and parameters
Using (4), Eqs. (1)- (3) take the following form:
The initial and boundary conditions in dimensionless form are t > 0 :
where c, Br, Pr, k, h a and e are Navier slip parameter, Biot number, Prandtl number, Frank-Kamenetskii parameter, ambient temperature and activation energy parameter.
Approximate solutions
The governing equations displayed in the previous section are highly nonlinear and exhibit no analytical solutions. The analytical solutions have played an important role in validating and exploring computer routines of complicated problems. Therefore, we reduce the governing equations of this problem into a form that can be solved analytically by setting @u=@t ¼ 0 and @h=@t ¼ 0 to obtain the steady state version of the problem. The steady state governing equations together with boundary condition can be written as follows:
To construct approximate solutions of equations (8) and (9) subject to (10), we take a power series expansion in the Frank-Kamenetskii parameter k of the form:
Substituting (11) into (8)- (10) and equating the coefficient of like powers of k, the resulting solutions of the momentum and energy balance equations are as follows:
From (12), the steady state skin frictions on the boundaries are as follows:
Also, from (13) the rates of heat transfer on the boundaries in terms of Nusselt number are as follows:
The constants k 0 ,
, H 5 and H 6 are defined in the appendix section.
Numerical solutions
The set of partial differential equations (5) and (6) with the boundary conditions (7) is solved numerically using implicit finite difference scheme. We used forward difference formulas for all time derivatives and approximate both the second and first derivatives with second order central differences. The equations corresponding to the first derivative and last grid points are modified to incorporate the boundary conditions. The implicit finite difference equation corresponding to equations (5) and (6) is as follows 
Free convection slip flow of an exothermic fluid in a convectively heated vertical channelwhere r 1 ¼ nDt=Dy 2 , r 2 ¼ ð1 À nÞDt=Dy 2 and 0 6 n 6 1. We chose n ¼ 1 the detailed reasons to this particular selection are documented in [20] . Also the analytical solutions displayed in the previous section are used as a check on the accuracy and effectiveness of the numerical scheme. Again, in order to reconfirm the accuracy of the scheme, the numerical results for velocity and temperature are compared with the analytical solutions. It has been found that the numerical values of the velocity and temperature fields calculated from the expressions 8 and 9 have matched very well with the numerical solutions obtained from the expressions 12 and 13 at the steady state time. See Fig. 2 for the graph of the numerical solutions at steady state and steady-state analytical solutions for velocity and temperature fields.
Results and discussion
Natural convection flow of viscous reactive fluid has been considered in a convectively heated vertical channel with Navier slip boundary condition. The numerical computation results are displayed in Figs. 2-13 . The governing parameters controlling the flow systems are as follows: the Prandtl number (Pr), Biot number (Br), Navier slip parameter (c), activation energy (e), Frank-Kamenetskii parameter (k) and non-dimensional The effects of the Frank-Kamenetskii parameter (k) and dimensionless time (t) on temperature and velocity profiles when c ¼ 1 and Br = 0.2 is illustrated in Fig. 3a and b respectively. From Fig. 3a and b, it is observed that both temperature and velocity of the fluid increase with increasing values of k and t until a steady state condition is reached. The strength of the chemical reaction and viscous heating source terms in the temperature equation is enhanced by increasing the value of k, which resulted in the significant temperature rise. The significant temperature raised in response to the increased k leading to a reduction in the fluid viscosity and consequently increase in fluid velocity as shown in Fig. 3a and b . In addition, Figure 4 Steady state temperature and velocity for k. Free convection slip flow of an exothermic fluid in a convectively heated vertical channelthe maximum value of fluid temperature and velocity is attained at the lower plate surface and decays to the upper plate of the channel. What causes this behavior is due to asymmetric heating of the plate, the presence of Navier slip condition and convective heating of the plate. Fig. 4a and b illustrates the steady-state temperature and velocity distributions of fluid for different values of k respectively. As discussed earlier for unsteady state problem, the effect of k on steady state problem is similar.
The influence of the Biot number (Br) and dimensionless time (t) on transient temperature and velocity profiles for fixed value of Navier slip parameter (c ¼ 1) is displayed in Fig. 5a and b respectively. It clearly reveals that, in Fig. 5a and b, the temperature and velocity of the fluid increase with an increase in the local Biot number (Br) until a steady state condition is achieved. Higher Biot numbers mean correspondingly higher degrees of convective heating at the lower channel wall and consequently lead to high temperature and velocity at the lower plate. Makinde and Aziz [26] reported that, increasing the local Biot numbers leads to the stronger convective heating at the lower channel wall which results in higher surface temperatures causing the thermal effect to penetrate deeper into the quiescent fluid. Fig. 6a and b describes the behavior of steady-state temperature and velocity profiles for range of values of Br respectively. As explained for transient case, the influence of Br is similar. Fig. 7a shows velocity profiles for different values of Navier slip parameter (c) and non-dimensional time (t). From Fig. 7a , it is noticed that the fluid velocity at the lower plate surface increases with an increase in c. As expected, higher values of c mean an increase in the reaction and slipperiness of the lower plate surface. The response of the velocity variations in the non-dimensional time in the absence of Navier slip parameter (c ¼ 0) is provided in Fig. 7b . It is evident from this figure that increasing non-dimensional time leads to significant increase in the velocity profiles until a steady state condition is attained. Free convection slip flow of an exothermic fluid in a convectively heated vertical channeland 10 for varying values of non-dimensional time (t). From Fig. 9a and b it can be noticed that the skin friction increases with increasing both k and t at the lower plate (y ¼ 0) and at the upper plate (y ¼ 1) respectively until it reaches a steady state time. In Fig. 10b (at y ¼ 1) , the rate of heat transfer increases with increasing k. A reverse effect is seen at the lower plate (y ¼ 0).
The wall shear stress and the rate of heat transfer dependence on Biot number (Br) are displayed in Figs. 11 and 12 for varying values of dimensionless time (t) respectively. In both Fig. 11a and b , the skin friction increases with increasing values of Biot number and dimensionless time until a steady state condition is reached. The rate of heat transfer is high when Br is large, while the increasing time leads to reduction in the rate of heat transfer see Fig. 12a (at y ¼ 0) . A reverse trend is observed in Fig. 12b (at y ¼ 1) .
The variation of skin friction is revealed in Fig. 13a and b for varying values of time at the plate y ¼ 0 and y ¼ 1 respectively. It is observed that the skin friction decreases with increasing the Navier slip parameter at y ¼ 0 but increasing non-dimensional time results in the significant increase in skin friction until it reaches steady state. A reverse phenomenon is seen at the plate y ¼ 1 see Fig. 13b . Figure 10 Nusselt number against k. Figure 11 Skin friction against Br.
Conclusion
The present paper, investigated the combined influences of Navier slip and Newtonian heating on transient/steady flow of an exothermic fluid in a vertical parallel plate channel. The transient governing equations are solved numerically using implicit finite difference scheme while an approximated solution of the steady state version of the problem is obtained using regular perturbation series method. A brief summary of the major findings are as follows:
(i) The fluid velocity increases with an increase in the Navier slip parameter but the local skin friction is reduced at y ¼ 0 while the reverse phenomenon occurs at y ¼ 1. Free convection slip flow of an exothermic fluid in a convectively heated vertical channel 9
(v) During the course of numerical computations, an excellent agreement is found between the steady state approximate solutions and numerical solutions at steady state time.
